Abstract. For a K3 surface over a field of characteristic 2 which is finitely generated over its prime subfield, we prove that the cokernel of the natural map from the Brauer group of the base field to that of the K3 surface is finite modulo the 2-primary torsion subgroup. In characteristic different from 2, such results were previously proved by A. N. Skorobogatov and Y. G. Zarhin. We basically follow their methods with an extra care in the case of superspecial K3 surfaces using the recent results of W. Kim and K. Madapusi Pera on the Kuga-Satake construction and the Tate conjecture for K3 surfaces in characteristic 2.
Introduction
For a K3 surface X over a field k, let Br(X) := H 2 et (X, G m ) be the Brauer group of X [10] , [11] . There is a natural map from the Brauer group Br(k) of k to Br(X). The Brauer group Br(X) plays an important role in the study of the arithmetic of the K3 surface X; see [26, Introduction] .
When k is a field of characteristic 0 which is finitely generated over its prime subfield, Skorobogatov and Zarhin proved that the cokernel of Br(k) → Br(X) is finite [26, Theorem 1.2] . They also proved that when k is a field of characteristic p ≥ 3 which is finitely generated over its prime subfield, the cokernel of Br(k) → Br(X) is finite modulo the p-primary torsion subgroup [27, Theorem 1.3] .
The purpose of this paper is to prove their results in characteristic 2. The main result of this paper is as follows. Theorem 1.1. Let k be a field of characteristic 2 which is finitely generated over its prime subfield. For a K3 surface X over k, the cokernel of the natural map Br(k) → Br(X) is finite modulo the 2-primary torsion subgroup.
We basically follow the methods of Skorobogatov and Zarhin with an extra care in the case of superspecial K3 surfaces. We first prove the following theorem on the Tate conjecture for K3 surfaces for ℓ-adic and torsion coefficients. Theorem 1.2. Let k be a field of characteristic 2 which is finitely generated over its prime subfield, and X a K3 surface over k. Let k sep be a separable closure of k. is surjective by the Tate conjecture for K3 surfaces in characteristic 2 recently proved by Kim and Madapusi Pera [13, Theorem A.1] . (Previously, in characteristic 2, the Tate conjecture was known only for ordinary K3 surfaces over finite fields [20, Corollary 3.4] .)
When the characteristic of k is different from 2, in [26] , [27] , Skorobogatov and Zarhin proved Theorem 1.1 and Theorem 1.2 using the Kuga-Satake abelian varieties of K3 surfaces studied by Deligne, Pjateckiȋ-Šapiro,Šafarevič, and André in characteristic 0 and by Rizov and Madapusi Pera in odd positive characteristics [16] . They also used the results of Faltings (in characteristic 0) and Zarhin (in positive characteristics) on the Galois action on torsion points of abelian varieties. (Zarhin's results are valid also in characteristic 2; see [28] .) Recently, in [13] , Kim and Madapusi Pera extended the Kuga-Satake construction in [16] to characteristic 2, but they excluded [27] .
The outline of this paper is as follows. In Section 2, we recall some well-known facts on superspecial K3 surfaces in characteristic p > 0. We also prove that superspecial K3 surfaces in characteristic 2 can be lifted to the ring of Witt vectors. In Section 3, we prove Theorem 1.2. In Section 4, we prove Theorem 1.1. Remark 1.3. It seems an interesting but difficult problem to ask whether the pprimary torsion subgroup of the cokernel of Br(k) → Br(X) is finite, where k is an infinite field of characteristic p > 0 which is finitely generated over its prime subfield and X is a K3 surface over k. On the other hand, if k is finite, the Brauer group Br(X) is finite by the Tate conjecture; see [18, Theorem 4.1] . (Note that Milne's result [18, Theorem 4.1] is stated under the additional condition p = 2 but the result is valid for any p; see [19] . See also [15, In this section, we fix a prime number p, and an algebraically closed field k of characteristic p > 0. Recall that a K3 surface X over k is a projective smooth surface with trivial canonical bundle and
be the Hodge filtration on the de Rham cohomology H n dR (X) coming from the Hodge spectral sequence:
It is also equipped with the conjugate filtration F
• conj H n dR (X) coming from the conjugate spectral sequence: 
For i = 0, 1, 2, we have
p induces a ring homomorphism on W . We also denote it by σ : W → W . For a K3 surface X over k, the crystalline cohomology H 2 cris (X/W ) is a free W -module of rank 22 equipped with a perfect pairing
The absolute Frobenius morphism on X induces a σ-linear map
Lemma 2.1 (Mazur). The following are satisfied.
(
We say a K3 surface X over k is supersingular if the rank of Pic(X) is equal to 22. The Tate conjecture for K3 surfaces [4] , [13] , [16] , [17] implies that X is supersingular if and only if the height h(X) of the formal Brauer group associated with X is equal to ∞; see [1, Corollaire 0.5], [12, Corollary 17.3.7] . We denote the dual lattice of Pic(X) by
where ( , ) is the intersection pairing on Pic(X) ⊗ Z Q. For a supersingular K3 surface X over k, it is well-known that Pic(X) is a p-elementary lattice. In other words, we have p Pic(X) ∨ ⊂ Pic(X). Its discriminant is of the form −p 2a for an integer 1 ≤ a ≤ 10; see [23 We fix the notation by the following commutative diagram:
We note that ch cris is injective and preserves pairings. Hence we have dim k N = a.
The following lemma is well-known. (For example, see [7, p.268] .) Lemma 2.2. For a supersingular K3 surface X over k, the following are satisfied.
Pic (N))) = Im φ Proof. We only sketch the proof. The main points are the following equalities:
• ch cris (π
We shall only prove (1) since other equalities can be proved in the same way. For x ∈ LHS, there exists y ∈ (1 ⊗ σ)
Hence we have φ(x) = pz and x ∈ RHS. Conversely, for x ∈ RHS, there exists
Hence we have ch cris ((1 ⊗ σ)(z)) = py and z ∈ (1 ⊗ σ)
The following proposition is presumably well-known. We include the proof for the readers' convenience. Proof. First, we assume that X is superspecial. We have
(X) and their dimensions as k-vector spaces are equal to 21. We see that X is supersingular by [9, Proposition 7.1] and [9, Lemma 9.6]. We have
Pic (N)))) by (1), (3) of Lemma 2.1 and (1), (3) of Lemma 2.2. Hence we have
We have
Pic (N)) = pH 2 cris (X/W ) and the injectivity of ch cris . Taking the images of the both sides of (2.1) by π Pic , we have
Hence we have
Then the Artin invariant of X is equal to 1 by [9, Corollary 11.4] . (In the notation of [9] , we have σ 0 = a,
2), we have U 2 = U 3 = 0. From this, we see that σ 0 = 1. Hence the Artin invariant of X is 1.) Conversely, we assume that X is supersingular with Artin invariant 1. Since dim k N = 1, the dimension of the image of ch dR is equal to 21. Since the image of ch dR is contained in
Thanks to the Tate conjecture for K3 surfaces, we have the following lemma. . If the height of X is ∞, then the rank of Pic(X) is equal to 22 by the Tate conjecture [4] , [13] , [16] , [17] ; see also [1, Corollaire 0.5], [12, Corollary 17.3.7] . Since dim k Ker(ch dR ) is equal to the Artin invariant a with 1 ≤ a ≤ 10, we have
, and the map c 1 is not identically zero.
The following result was proved by Deligne and Ogus when p ≥ 3 or X is not superspecial. (For K3 surfaces in odd characteristics, see also Liedtke's lecture notes [14, Theorem 2.9].) Using Lemma 2.5, we can prove it also for superspecial K3 surfaces in characteristic 2.
Proposition 2.6 ([21, Corollary 2.3])
. Let X be a K3 surface over k. There is a projective smooth scheme X over W such that X ⊗ W k ≃ X.
Proof. By Lemma 2.5, the K3 surface X has a primitive ample line bundle L such that ch dR (L ) is not contained in In this section, we shall prove Theorem 1.2. First we make some preparation.
Lemma 3.1. Let X be a proper scheme over a field k. Let k al be an algebraic closure of k and k sep ⊂ k al the separable closure of k inside k al . Assume that X is geometrically connected over k (i.e. X k al is connected) and H 1 (X, O X ) = 0. Then the natural map
is an isomorphism.
Proof. Let Pic X/k be the Picard scheme of X. (See [3, Section 8.2, Theorem 3] for the representability of Pic X/k .) Since X is geometrically connected over k, we have the following exact sequences: 
Lemma 3.2. Let X be a supersingular K3 surface over a field k of characteristic p > 0, namely the rank of Pic(X k al ) is equal to 22.
is semisimple and the cycle class map for ℓ-torsion coefficients
Proof. By Lemma 3.1, the rank of Pic(X k sep ) is 22. We have a Gal(k )) is semisimple. This proves (1).
To study the torsion coefficients, we consider the cycle class map for Z ℓ -coefficients 
and Br(k) is a torsion abelian group, Pic(X) is a subgroup of Pic(X k sep ) Gal(k sep /k) of finite index. Moreover, we have the following exact sequence
We note that 
for all but finitely many ℓ = p. This proves (2) . Now, we shall prove Theorem 1.2.
Proof of Theorem 1.2. Let X be a K3 surface over a field k of characteristic 2 which is finitely generated over its prime subfield. By Lemma 3.2, we may assume X is not supersingular. By Proposition 2.4, the K3 surface X is not superspecial. There exist a finite extension k ′ of k and an ample line bundle L on X k ′ such that its class in Pic(X k al ) is primitive. We may assume k ′ is a Galois extension of k by Lemma 3.1. Since X is not superspecial, we see that ch dR (L ) is not contained in 
) whose cokernel is torsion free. Here we denote the orthogonal complement to the image of
). This result was proved in [13, Proposition A.12 and Appendix A.14] . (See also [16, Theorem 5.17 (3) ]. For the construction of the ℓ-adic sheaf L ℓ in [13, Appendix A], see also [16, Section 4.4] . For the cokernel, see also [27, p. 11412] .) The abelian variety A is called the Kuga-Satake abelian variety of the polarized K3 surface (X k ′ , L ).
Using (3.1), we can prove Theorem 1.2 by the same methods as in [27] . We briefly sketch a proof for the readers' convenience. By (3.1) [27] . However, the proof in [27] relies on the celebrated results on the Galois action on torsion points of abelian varieties due to Zarhin [28] . We can prove Theorem 1.2 for superspecial K3 surfaces more easily as in Lemma 3.2.
Proof of Theorem 1.1
Finally, we shall prove Theorem 1.1. Once Theorem 1.2 is proved, the proof of Theorem 1.1 is the same as in [27] . We only give a brief sketch of its proof. For details, see [26] , [27] .
Proof of Theorem 1.1. From the Hochschild-Serre spectral sequence
, we have the following exact sequence:
Here we put Br 1 (X) := Ker(Br(X) → Br(X k sep ) Gal(k sep /k) ).
Hence we have an injection Br(X)/ Br 1 (X) ֒→ Br(X k sep ) Gal(k sep /k) .
If we put Br 0 (X) := Im(Br(k) → Br(X)), we have an injection Br 1 (X)/ Br 0 (X) ֒→ H 1 (k, Pic(X k sep )).
We see that H 1 (k, Pic(X k sep )) is finite; see [12, Lemma 18.2.2] . Hence Br 1 (X)/ Br 0 (X) is finite. From the short exact sequence it suffices to prove that Br(X k sep )
Gal(k sep /k) is finite modulo the 2-primary torsion subgroup.
For an odd prime number ℓ = 2, we have the following exact sequence: 
For all but finitely many ℓ = 2, the composition of the following maps
is surjective by Theorem 1. Gal(k sep /k) is finite modulo the 2-primary torsion subgroup.
The proof of Theorem 1.1 is complete.
